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A model-based experimental design is formulated and solved as a large-scale NLP problem. The key idea of the pro-
posed approach is the extension of model equations with sensitivity equations forming an extended sensitivities-state
equation system. The resulting system is then totally discretized and simultaneously solved as constraints of the NLP
problem. Thereby, higher derivatives of the parameter sensitivities with respect to the control variables are directly cal-
culated and exact. This is an advantage in comparison with proposed sequential approaches to model-based experimen-
tal design so far, where these derivatives have to be additionally integrated throughout the optimization steps. This can
end up in a high-computational load especially for systems with many control variables. Furthermore, an advanced
sampling strategy is proposed which combines the strength of the optimal sampling design and the variation of the col-
location element lengths while fully using the entire optimization space of the simultaneous formulation. VC 2013
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Introduction

In the last two decades model-based experimental design
has significantly gained on importance in the fields of chemi-
cal, biochemical, and process engineering.1–4 By reducing
the experimental effort required to develop high-fidelity pre-
dictive models, model-based experimental design plays a
major role in the propagation of advanced model-based
methodologies, which enable the optimization of different
aspects related to process design and operation.

The central part of a reliable predictive model is the set of
accurate parameter values. It can become very expensive in
terms of time and resources depending on the system com-
plexity and the difficulty of data collection, in particular
regarding processes where the prediction of the system
dynamic behavior is most important. Here, statistical design
of an experiment reaches its limits since it cannot describe
dynamical processes properly and is especially not capable
of considering process constraints, which are crucial in main-
taining process stability. This is also why model-based
experimental design has decisively gained in importance in
process and chemical engineering. Here, the experimental
design task is formulated as an optimal control problem

using dynamic control trajectories so as to perturb the pro-
cess with the goal of enabling or improving estimability of
model parameters.5–7

For the solution of the experimental design as an optimal-
control problem, the sequential optimization method8,9 and
multiple shooting methods10,11 have widely been used as
state of the art approaches. Efficient DAE solvers are the
backbone of both approaches, which solve the system model
with the associated sensitivity equations providing time
dependent states and gradient information.12–14 The subse-
quent connection of the integration results to an optimization
algorithm can be straightforwardly carried out. Disadvantages
of the sequential method appear in connection with unstable
systems, since computed control outputs of the optimization
algorithm may lead the connected DAE-solver into instabil-
ity. On the other hand, when using multiple shooting the
functions of the state variables are divided into small time
periods, in which the models are then also solved by DAE-
solvers. In contrast to the sequential approach, instability and
poor conditioning of the problem can then be avoided15 since
additional inequality constraints can be formulated so as to
set bounds on state variables. However, this feature only
yields for the endpoints of each element. Both sequential
optimization and the multiple shooting approaches are based
on DAE solvers, and, thus, the solution of the extended state-
sensitivity equation system has to be reintegrated for each
optimization step. This can sometimes require an extensive
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computational load since the integration of state variables
and target sensitivities constitute the main costs of the opti-
mization process, in particular if the system model includes
many states, parameters, and especially control variables.
Another common disadvantage of both methods relates to
constraints on state variables as mentioned, which therein can
only be considered indirectly by approximations.

These bottlenecks can be avoided by using the simultane-
ous optimization approach.16,17 At our best knowledge, the
first application of experimental design in the sense of
large-scale optimization was carried out regarding precise
parameter estimation and model discrimination for tempera-
ture programmed reduction experiments.18 In particular, the
D-criterion was used with an equidistant sampling strategy
and fixed optimization end-time highlighting the potential
of the simultaneous formulation in solving model-based
experimental design problems. Nevertheless, this application
example does not show the whole strength of the simulta-
neous optimization methodology. The crucial point of the
simultaneous formulation is the total discretization of the
extended sensitivities-state equation system as equality con-
straints of a NLP-optimization problem. It is thereby possi-
ble to calculate the derivatives of the experimental design
criteria directly as functions of the discretized sensitivity
variables and to exploit the sparse-structure of the con-
straint derivatives to a full capacity. Inequality conditions
for state and control variables can directly be embedded
into the formulation over the whole domain. A further
advantage is the implementation of control functions of
flexible order, which can be treated straightforwardly due
to the same discretization scheme as the state variables.
Furthermore, the fact that the number of samplings in prac-
tice are much smaller than the number of discretization ele-
ments has to be taken into account.

This work presents a detailed analysis of the aforemen-
tioned aspects, and additionally provides an adaptive optimal
sampling strategy, which combines the strength of the opti-
mal sampling design and the variation of the collocation ele-
ment lengths, so as to exploit the entire optimization space
of the simultaneous formulation. The applicability of the
approach on dynamic processes and its effectiveness regard-
ing the results of the experimental design is demonstrated
based on the application to an illustrative example of a bio-
mass reactor.

Solution Strategy

In contrast to statistical design of experiments, mecha-
nistic models are used here to describe thermodynamic
and chemical phenomena in chemical and process engi-
neering applications. In general, a DAE-system consisting
of equations, which describe mass and energy balance,
thermodynamic and mass-transport phenomena, is formu-
lated and solved. In model-based experimental design
objective functions are optimized under the consideration
of model equations as equality constraints. The objective
functions of the experimental design usually depend on
the sensitivities of the state variables with respect to the
parameters.

Extension of the system model with sensitivity equations

In chemical engineering process models can generally be
formulated as DAE-systems in a linear-implicit form

B �z tð Þ; �u tð Þ; �h
� �

_�z tð Þ5�f �z tð Þ; �u tð Þ; �h; t
� �

; �z t50ð Þ5�z0 (1)

In this case �z 2 RNz represents state variables �u 2 RNu ,
control variables, and �h 2 RNh the parameters. The partial
derivative with respect to the differential variable _�z is usu-
ally called the mass matrix B �ð Þ 2 RNz3Nz It is independent
from _�z for linear-implicit systems and might be singular in
the presence of algebraic equations. To derive the parameter
sensitivities, Eq. 1 is reformulated to

�g _�z ; �z; �u; �h; t
� �

5B �ð Þ _�z tð Þ2�f �z tð Þ; �u tð Þ; �h; t
� �

50Nz31 (2)

and the total differential of Eq. 2 is then formed with
respect to �h
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Finally, Eq. 3 results in

0Nz3Nh5B
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@ B _�z2�fð Þ
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The partial derivative with respect to the state variables is
defined asJz

Jz _�z tð Þ; �z tð Þ; �u tð Þ; �h; t
� �

: 5
@ B _�z tð Þð Þ
@�z

2
@�f

@�z

� �
2 RNz3Nz (5)

The partial derivative with respect to the parameters is
defined as Jh

Jh _�z tð Þ; �z tð Þ; �u tð Þ; �h; t
� �

: 5
@ B _�z tð Þð Þ
@�h

2
@�f

@�h

� �
2 RNz3Nh (6)

The sensitivity matrix S is then defined as

S tð Þ : 5 �s1; � � � ; �sNhð Þ 2 RNz3Nh (7)

where each column �si corresponds to the sensitivities with
respect to the parameter hi

�si : 5
@�z

@hi
5

@z1

@hi

�

@zNz

@hi

0
BBBBB@

1
CCCCCA 2 RNz31; i51;…;Nh (8)

By using the definitions of S, Jz and Jh one can rewrite
Eq. 4 to

0Nz3Nh5B _S tð Þ1JzS tð Þ1Jh (9)

By stacking the columns of S(t), Eq. 9 can be reformulated
to a form, which is more suitable for optimization tasks
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with

�f h1

�

�f hNh

0
BB@

1
CCA : 5

Jz � �s1

�

Jz � �sNh

0
BB@

1
CCA1

Jh1

�

JhNh

0
BB@

1
CCA (11)

and
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�gh : 5

�gh1

�

�ghNh

0
BB@

1
CCA50Nz�Nh31 (12)

Now by combining Eqs. 12 and 2, an extended system can
be formed to

0Nz 11Nhð Þ315�c _�z tð Þ; �z tð Þ; _�s 1;…; _�sNh ; �s1;…; �sNh ; �u tð Þ; �h; t
� �

: 5

�g _�z tð Þ; �z tð Þ; �u tð Þ; �h; t
� �

�gh
_�s1;…; _�sNh ; �s1;…; �sNh ; _�z tð Þ; �z tð Þ; �u tð Þ; �h; t
� �

2
4

3
5

�z t50ð Þ5�z0; �si t50ð Þ5 @�z0

@hi
; i51;…;Nh

(13)

Formulation of the Model-Based Experimental
Design as an NLP Problem

Formulation as an optimal control problem

In model-based experimental design, a vector of predicted
response variables �y tð Þ 2 RNy is considered, whose elements
usually are a subset of the state variables �z tð Þ. More gener-
ally, predicted response variables �y tð Þ are formulated as non-
linear functions of the state variables

�y tð Þ5 �m �z tð Þð Þ (14)

Their parameter sensitivities �Sy tð Þ 2 RNy3Nh can be calcu-
lated via the chain rule and written down directly as nonlin-
ear function of the existing state variables �z tð Þ, and
sensitivities S(t) with respect to �z tð Þ

�Sy tð Þ5

@m1

@z1

…
@m1

@zNz

� . .
.

�

@mNy

@z1

� � �
@mNy

@zNz

2
66666664

3
77777775
� �s1 tð Þ � � � �sNh tð Þ½ �5Jh

z � S tð Þ

(15)

Both Eqs. 14 and 15 can be straightforwardly included
into the existing differential-algebraic formulation DAE2 in
(13). For the sake of simplicity and without loss of general-
ity it is assumed in this article that �y tð Þ is a subset of �z tð Þ,
and in particular Ny 5 Nz. Therefore, �z tð Þ is used when refer-
ring to the predicted response variables. Moreover, the pre-
dicted responses are generally collected at discrete points in
time tsp 2 RNsp according to sampling points in the
experiments

�zsp;k5�z tkð Þ; k51;…;Nsp (16)

The information content of an experiment can be repre-
sented by the Fischer information matrix MF 2 RNh3Nh . For
time-dependent systems with discrete measurements, the def-
inition is given as follows

MF Ssp

� �
5 Ssp

� �T �
X

z
� Ssp (17)

Where
P

z 2 RNz�Nsp3Nz�Nsp denotes the measurement covar-
iance matrix, and Ssp 2 RNz:Nsp3Nh represents the dynamic
sensitivity sampling matrix
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�
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.

�

xNsp
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�sNp;tNsp

2
666666664

3
777777775

(18)

Furthermore, a proper sampling strategy is a crucial issue
in model-based experimental design. For this purpose, the
optimal sampling strategy19 is applied for this simultaneous
optimization approach. Therefore, each block S(ti) of the
dynamic sensitivity matrix Ssp is weighted with a continuous
and bounded control variable x 2 R; 0 � x � 1:

A series of optimal criteria exists in the literature for
model-based experimental design, which aims at maximizing
system information content or minimizing the parameter cor-
relations. The optimization task is mostly equivalent to the
maximization of an appropriate measure of the Fischer infor-
mation matrix MF or minimization of an appropriate measure
of the covariance matrix V. Moreover, the following relation
exists between the two measures

V ffi ST
sp

X
z
Ssp

h i21

5M21
F (19)

The meaning of Eq. 17 is that according to the Cramer-
Rao theorem, the lower bound of the covariance matrix can
be estimated with the inverse of the Fisher information
matrix.20 It has been shown19 based on the variational princi-
ple that the optimal sampling strategy always results in a
physically meaningful solution, namely 0 or 1 for the
weighting control variables x, if they enter linearly into the
variational formulation. Regarding the simultaneous optimi-
zation approach, this idea is equivalent with a strict monoto-
nicity of the weighting control variables in the objective
functions (22). It can be shown by a simple symbolic calcu-
lation of the objective functions that this can be guaranteed
for the formulation with the Fisher information matrix, but
not with the covariance matrix. Thus, the formulation with
the Fisher information matrix is strongly suggested regarding
the simultaneous optimization approach. Moreover, a limited
sampling number Nsp,U is introduced so as to consider the
fact that the sampling number is in general much smaller in
practice than the theoretically maximum one Nsp. Therefore,
due to the optimal sampling strategy theory and as a result
of the optimization, exact Nsp,U of the total weighting control
Nsp variables x become 1 and all the others 0.

Scaling

The Fisher information matrix depends strongly on a scal-
ing of the parameter sensitivities. Since its formulation is
based on the absolute parameter values, the influence of
parameters with high values is much bigger than those with
small values. Therefore, parameter sensitivities have to be
scaled so as to take into account the dimension gap of their
different nature. A common way to scale sensitivities regard-
ing a parameter xi is to multiply with the parameter itself 7

~si : 5hisi5hi
@z

@hi
(20)

Thus, the Fisher information matrix can be reformulated
to
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MF Ssp ~sð Þ
� �

5 Ssp ~sð Þ
� �T �

X
z
� Ssp ~sð Þ (21)

For the sake of clarity, the scaled Fisher information
matrix is also referred as MF. The reader is asked to keep in
mind that all the following equations and calculations are
based on scaled sensitivities. The best known and most fre-
quently used objective functions regarding the Fischer infor-
mation matrix are

UA Ssp

� �
5tr MF Ssp

� �� �
UD Ssp

� �
5det MF Ssp

� �� �
UE Ssp

� �
5kmin MF Ssp

� �� � (22)

The model-based experimental design is formulated as an
optimal control problem, where the objective function is a
function of the Fischer information matrix and the extended
state-sensitivity equation system DAE2 represents the
constraints

max
�u tð Þ;�x; �Z0

UðMFð�s; �xÞÞ (23)

Subject to:

0 Nz11ð Þ�Nh315�c _�z tð Þ; �z tð Þ; _�s1;…; _�sNh ; �s1;…; �sNh ; �u tð Þ; �h; t
� �

�z t50ð Þ5�z0; �si t50ð Þ5 @�z0

@hi
; i51;…;NhX

xk5Nsp;U; 0 � xk � 1; k51;…;Nsp

�z0;L � �z tð Þ � �z0;U; �zL � �z tð Þ � �zU; �uL � �u tð Þ � �uU

(24)

Discretization procedure

All equations of DAE2 in Eq. 13 are discretized using the
orthogonal collocation on FEM (OCFEM), and written in the
form of residuals with normalized time sj (see Appendix A
for further reference)

0Nz�Ne�K315�gl sj

� �
5
Xk

j50

B�zlj _uj sj

� �
2hl
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� �
1hl
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� �
�

Xk

j50

B�sNh;lj _uj sj

� �
1hl

�f h �zlj; �sNh;lj; �ulj; �h; sj

� �

0
BBBBBBBBB@

1
CCCCCCCCCA

j51;…; k; l51;…;Ne

(25)

Furthermore, continuity conditions ensure that no disconti-
nuities arise between the elements of the state functions. For
the Radau collocation method,21 the following continuity
conditions are without loss of generality

�zl11j505�zlj5k

�si;l11j505�si;lj5k

i51;…;Nh; l51;…;Ne21

(26)

From Eq. 25, the fully discretized system model results in

0Nz�Ne�K31

0Nz�Nh�Ne�K31

0
@

1
A5

�gl sj; hl

� �
�gh;l sj; hl

� �
0
@

1
A5�c �Zlj; �S1;lj;…; �SNh;lj;�ulj; �h; sjhl

� �
�c 2 R Nz1Nz �Nhð Þ�Ne�K31

l51;…;Ne; j51;…;K

(27)

�z115�z0; �si;115
@�z0

@hi
; i51;…;Nh (28)

�zl11j505�zlj5K ; �si;l11j505�si;lj5K; l51;…;Ne21 (29)

By converting all time-dependent functions into discrete
variables, the optimization problem OP1 can now be formu-
lated as a NLP optimization problem with DAE3 as con-
straints, and, thus, resulting in

max
�zlj;�s1;lj;…;�sNh ;lj

;�ulj;hl;�x ;�z0

U MF �s; �xð Þð Þ (30)

Subject to:

05�c �zlj; �s1;lj;…; �sNh;lj; �ulj; �h; sj; hl

� �
l51;…;Ne; j51;…;K

�z115�z0; �si;115
@�z0

@hi
; i51;…;Nh

�zl11j505�zlj5K ; �si;l11j505�si;lj5K ; l51;…;Ne21X
hl5tf ; tf � tf ;max; hL � hl < hU; l51;…;NeX
xk5Nsp;U; 0 � xk � 1; k51;…;Nsp

�z0;L � �z0 � �z0;U; �zL � �zlj � �zU; �uL � �ulj � �uU

(31)

It should be noted that in the standard optimization tasks
no continuity conditions on the control variables are
demanded. This generally leads to a bang-bang characteristic
of the optimal control trajectories. However, in some cases
those solutions are not wanted because of their characteristi-
cally instantaneous jumps. There are many reasons why
experimenters prefer smooth control profiles, e.g., because
the control element cannot carry out instantaneous jumps,
for instance, in temperature- and flow-control, or because
there are risks that the process can become instable with
instantaneous and large changes of the control outputs. To
overcome this, the simultaneous approach allows a flexible
and convenient way to use high order and continuous control
trajectories. Since the control functions are also discretized
with OCFEM, one is free to choose different orders for each
control variable.

Another crucial point is a flexible sampling strategy which
has been realized with a variable collocation element length
hl as additional degree of freedoms. One way to treat this
problem is the method of superelement structure.22 In this
work, the collocation element length hl is rather treated
directly as optimization variables. An optimization of the
end time is thereby directly embedded over an algebraic
equation with respect to the element lengths hl and the end
time tf and a given upper bound to the end time tf,max,
respectively.

Furthermore, the handling of the optimization of the initial
states is straightforward since the optimization problem is
fully discretized. They are treated in the same manner as the
discretized dynamic controls.
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Exploiting the structure of the constraints derivatives

For the sake of clarity, the derivation of the constraints
derivatives is applied on Eq. 20 with respect to the optimiza-
tion variables �z tð Þ; �s1 tð Þ;…; �sNh tð Þ; �u tð Þ½ �. Since only the
objective function depends on �x but not the constraints, all
constraint derivatives with respect to �x become zero and
will not be included in the following derivation.

In order to obtain the derivatives with respect to the fully
discretized optimization variables �zlj; �s1;lj;…; �sNh;lj; �ulj

� �
, one

more derivation step over the discretization Eqs. A2–A5 is
necessary and is reserved for the interested reader (see equa-
tions in Appendix A). More useful is through the information
about the extremely sparse structure of the derivatives, and
the fact that most of them can be reused from previous cal-
culations, which is illustrated in the following. The optimiza-
tion variables of OP1 are represented by

�x : 5

�Z

�S1

�

�SNh

�u

0
BBBBBBBB@

1
CCCCCCCCA
2 R Nz1Nz�Nh1Nuð Þ31 (32)

First-order constraint-derivatives

The first-order derivative of the constraints with respect to
the iteration variables �x is then
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. .
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z|{z}
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s|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

w:r:t: �s

J
hNh
u|{z}

w:r:t: �u

2
666666666666666664

3
777777777777777775

@�c

@�x
2 R Nz1Nz�Nhð Þ3 Nz1Nz�Nh1Nuð Þ

(33)

The first-order derivative of the system equations with
respect to the state variables �z is the Jacobian Jz defined in Eq.
5, which has already been calculated to formulate the sensitivity
equations �gh , and, thus, it can be fully reused. The derivatives
of �g regarding the control variables �u , are represented by

Ju _�z tð Þ; �z tð Þ; �u tð Þ; �h; t
� �

: 5
@�g

@�u
5 @

B _�z tð Þ
@�u

2
@�f

@�u

� �
Ju 2 RNz3Nu

�
(34)

Furthermore, the derivative of the i-th part of �f h in Eq. 11
with respect to the sensitivities �si is also Jz since �si is linear
in �f hi

leading to

Jhi
s
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� �

: 5
@�ghi

@�si
5

@ B _�s i

� �
@�si

1Jz

� �
Jhi

s 2 RNz3Nz

(35)

The derivatives �ghi
with respect to �z are defined as
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(36)

In the same way with respect to �u
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u 2 RNz3Nu ; i51;…;Nh

(37)

Second-order constraint-derivatives

Based on the derivation of the second-order constraint
derivatives, one can conclude that most of the derived partial
Jacobian can be reused. Therefore, many of the derivative
calculation steps can be reduced. The first part of the
second-order constraints derivatives can be achieved by dif-
ferentiating the system equations �g . For the k-th part the fol-
lowing hessian can be formulated

Hgk : 5

Jk
zz 0Nz3Nz�Nh Jk

zu

0Nz�Nh3Nz
0Nz�Nh3Nz�Nh 0Nz�Nh3Nu

Jk
uz 0Nu3Nz�Nh Jk

uu

2
66664

3
77775

Hgk 2 R Nz1Nz�Nh1Nuð Þ3 Nz1Nz�Nh1Nuð Þ

k51;…;Nz

(38)

with

Jzz;k : 5
@2 B _�z tð Þð Þk

@�z2
2
@2f k

@�z2

 !
2 RNz3Nz (39)

and

Jzu;k : 5
@2 B _�z tð Þð Þk

@�z@�u
2
@2f k

@�z@�u

 !
2 RNz3Nu

Juz;k5Jzu;k

(40)

where the k-th row of a matrix or the k-th entry of a col-
umn is shortly written as (�)k. The partial hessian Jzz,k can
be assembled from the k-th rows of the terms
@Jz=@z1;…; @Jz=@zNz

in Eq. 36. The same counts for the
partial hessian Jzu;k , regarding the terms

@Jz=@u1;…; @Jz=@uNz
in Eq. 37. Only @Juu;k has to be addi-

tionally calculated. Furthermore, the structure of Hgk is

extremely sparse regarding its dimension, which can in fact
be favorably integrated to advanced optimization routines.
In analogy to obtaining the hessians for the k-th parts of �g
, one also obtains for the k-th part of each partial sensitiv-
ity equations �ghi
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Hgk
hi

: 5

Jhi

zz;k 0Nz3 i21ð Þ�Nz
Jhi

zsi;k
0Nz3 Nh2i11ð Þ�Nz

Jhi

zu;k

0 i21ð Þ�Nz3:Nz
� � � � � 0 i21ð Þ�Nz3:Nu

Jhi

siz;k
� 0Nz3:Nh � Jhi

siu;k

0 Nh2i11ð Þ�Nz3:Nz
� � � � � 0 Nh2i11ð Þ�Nz3:Nu

Jhi

uz;k 0Nu3 i21ð Þ�Nz
Jhi

usi;k
0Nu3 Nh2i11ð Þ�Nz

Jhi

uu;k

2
66666666666664

3
77777777777775

Hkghi
2 R Nz1Nz :Nh1Nuð Þ3 Nz1Nz :Nh1Nuð Þ

k51;…;Nz; i51;…;Nh

(41)

The structure of Hkghi
is also extremely sparse with its par-

tial hessian regarding the states

Jhi

zz;k : 5
@ Jhi

z

� �k

@�z
5
@2 Jz � �sið Þk

@�z2
1
@2

@�z2

@B

@hi

_�z tð Þ
� �k

2
@2

@�z2

@f k

@hi

� �
Jhi

zz;k 2 RNz3Nz

(42)

and the partial hessian regarding states and sensitivities

Jhi

sz;k : 5
@ Jhi

s

� �k

@�z
5
@

@�z

@ B _�s i

� �
@�si

� �k

1Jzz;k

Jhi

sz;k 2 RNz3Ns ; Jhi

zs;k5Jhi

sz;k

(43)

where the term Jzz;k can be carried over directly from Eq.
39. It is analogous to the partial hessian regarding controls
and sensitivities

Jhi

su;k : 5
@ Jhi

s

� �k

@�u
5
@

@�u

@ B _�s i

� �
@�si

� �k

1Jzu;k

Jhi

su;k 2 RNz3Nu ; Jhi

us;k5Jhi

su;k

(44)

where the term Jzu;k can be carried over from Eq. 40. Fur-
thermore, the partial hessian regarding controls is now
defined as

Jhi

uu;k : 5
@ Jhi

s

� �k

@�u
5
@2 B � _�s i

� �
@�u2

1
@2 Jz � _�s i

� �
@�u2

1
@2

@�u2

@B

@hi

_�z tð Þ
� �k

2
@2

@�u2

@f k

@hi

� �
Jhi

uu;k 2 RNu3Nu

(45)

and with respect to the controls and states

Jhi

uz;k : 5
@ Jhi

u

� �k

@�z

5
@2 B � _�s i

� �k

@�u@�z
1
@2 Jz � _�s i

� �k

@�u@�z
1

@2

@�u@�z

@B

@hi

_�z tð Þ
� �k

2
@2

@�u@�z

@f k

@hi

� �
Jhi

uz;k 2 RNu3Nz ; Jhi

zu;k5Jhi

uz;k

(46)

Direct derivative calculation of the objective function

The derivatives of the optimal criteria can be calculated

directly by a complete discretization of the model-based

experimental design into a NLP-problem, which then enables

an efficient solution of the problem. Thus, the optimization

variables of OP2 are all discretized system variables

�zlj; �s1;lj;…; �sNh;lj; �ulj; �x; �z0; �h
� �

. However, since the optimal

criterion only depends on the sensitivities at the sampling time

points �s1;lj;…; �sNh;lj

� �
tlj�tsp

, and the weighting controls �x, its

derivative becomes zero for all �zlj; �ulj; �z0; �h
� �

and

�s1;lj;…; �sNh;lj

� �
tlj 6¼tsp

. For the following derivation, the depend-

ent variables are summarized to a variable vector X with

X : 5 �s1;lj;…; �sNh;lj

� �
tlj�tsp

; �x
h i

(47)

The derivatives of the optimal criteria are developed in

the following way via the chain rule

@U MF Ssp

� �� �
@ Xð Þ 5

@U MFð Þ
@ MFð Þ :

@MF Ssp

� �
@ Xð Þ (48)

The derivatives of the A, D, and E-criteria 2 R13Nh:Nh

only differ from each other in the first term of Eq. 48

@UA MFð Þ
@MF

5
@ tr MFð Þð Þ
@MF

5 vec INhð Þð ÞT (49)

@UD MFð Þ
@MF

5
@ det MFð Þð Þ

@MF
5det MFð Þ: vec M2T

F

� �� �T
(50)

@UE MFð Þ
@MF

5
@ kmin MFð Þð Þ

@MF

5 vkmin

T :vkmin
ð Þ21

:vkmin

T : INh � vkmin

Tð Þ
(51)

Here vkmin
denotes the eigenvector corresponding to the

smallest eigenvalue of MF. For Eq. 51, the following matrix

calculus rule is used. The derivative of the determinant of

the matrix A 2 Rn3n with respect to its elements is given as

djAj
dA

5
djAj

d vec Að Þð Þ5jAj
vec A2Tð ÞÞT 2 R13n�nA2T5 A21ÞT

��
(52)

The second term of Eq. 48 represents the Jacobian of MF

with respect to the elements of X, which is the same for all

criteria
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@ MFð Þ
@ Xð Þ 5

@ vec MFð Þð Þ
@ Xð Þ 2 RNh�Nh3Nz�Nh�Nsp (53)

In order to obtain the second-order derivatives analyti-
cally, it is required to use Kronecker and box matrix prod-
ucts.23 To avoid the more complicated derivation, symbolic
differentiation was used to calculate the second derivatives.
For this purpose, the results from Eq. 48 are directly differ-
entiated one more time with respect to X.

An Illustrative Example

The efficiency of the proposed approach to model-based
experimental design is demonstrated by using an illustrative
example of a bioreactor24,25 referring to as optimal experi-
mental design (Figure 1). Since this model has been well
studied in the past, it is quite suitable to highlight the results
of the presented simultaneous approach in terms of compara-
bility and theoretical issues. First, a comparison of the opti-
mization with equidistant sampling and optimal sampling is
shown. Then, the adaptive optimal sampling strategy is pre-
sented which combines the strength of the optimal sampling
design and the variation of the collocation element lengths.

Reactor model

The reactor model consists of two differential equations,
which describe a biomass population and its consumption of
substrate. The system state variables are the biomass concen-
tration and the substrate concentration cs. The reactor is fed
by a substrate stream which provides two control possibil-
ities. The first one is addressed as the dilution factor u1, and
the second one as the substrate concentration of the feed

stream u2. It is assumed that there are four unknown model
parameters h1;…;4, which all have an initial guess of 0.5

dcB

dt
5 _r2 u11h4ð ÞcB

dcS

dt
52

_r

h3

1 u22cSð Þu1

_r5h1

cBcS

h21cS

(54)

The aim of the experimental design is to increase the
information content by running experiments appropriately,
such that a best possible identification of the parameters
h1,…,4 can be achieved afterward. The experimental design
criteria as functions of the Fisher information matrix or
rather of parameter sensitivities have been presented in Eq.
22. In the remainder, the A-, D- and E-criterion are used for
the optimization of the presented system. Moreover, techni-
cal limitations of the system have to be adhered to which are
the following constraints on state and control variables

1
g

I
� cB � 25

g

I
; 0:1

g

I
� cS � 25

g

I

0:05
1

h
� u1 � 5

1

h
; 0:2

g

I
� u2 � 35

g

I

(55)

The lower bounds on the state variables guarantee a mini-
mum population of the biomass and a minimum substrate
amount so as to feed the biomass. The bounds on the control
variables are inherited from the reference literature.25 For
the initial design, the controls are chosen to be constant and
the initial conditions of the state variables are fixed as shown
in Table 1.

The design end time is fixed to 12 h. Therefore, with a
uniform collocation element length of 1 h the element num-
ber results in 12. Furthermore, it should be emphasized that

Figure 1. Semibatch bioreactor.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com]

Table 1. Initial Design Settings

States controls

cB t50ð Þ 2 g
1

u1 tð Þ5const: 0:1h21

cs t50ð Þ 0:1 g
1

u2 tð Þ5const: 15 g
1

Sampling vector [h] 3, 6, 9, 12

Table 2. Collocation Settings

Element length [h] h5const:51

collocation order K53
number of elements Ne512

Figure 2. Simulation results with initial design settings.
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because of convenience and due to the characteristic of the
OCFEM the sampling times are always taken at the end of a
collocation element. The collocation settings are summarized
in Table 2.

See Figure 2 for the given initial design settings, along
with process results in the concentration profiles.

The resulting nominal values for the A-, D- and E-
criterion are 8.39, 1.55 3 1028 and, respectively, 7.29 3

10210, which are relatively concise regarding the information
content of the system and far away from an optimum.
Because of the constant levels of control inputs, this design
is not able to address the dynamic behavior of the system at

all. Thus, to overcome the disadvantages of the statistical
design in case of dynamic processes the strategy of model-
based or also known as optimal experimental design is
applied to the system equations in the next section.

Optimal sampling strategy

Three approaches are presented in this section to discuss
the advantages of the optimal sampling strategy and the
results of its implementation to the simultaneous optimiza-
tion approach. Approach 1 represents a standard optimal
experimental design setting, where the sampling intervals
are chosen to be equidistant. Approach 2 includes the opti-
mal sampling strategy, where the optimization result con-
verges to the best sampling points of the given possible set.
For the sake of clarity regarding the optimal sampling strat-
egy, the optimization of the initial sates is not taken into
account in approach 1 and 2. Instead, approach 3 provides
the same settings as approach 2, but additionally with the
optimization of the initial states including the following
constraints

1
g

I
< cB;0 < 25

g

I
; 0:1

g

I
< cS;0 < 25

g

I
(56)

Table 3. Collocation Settings

Element length [h] h5const:51

Collocation order
For states and sensitivities K53
For controls Ku151;Ku250

Number of elements Ne512
Number of samplings Nsp;U54
possible sampling times [h] 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12

Figure 3. A-criterion— optimized control trajectories.

Figure 4. D-criterion—optimized control trajectories.
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The collocation settings in this section are similar to those
of Table 2 with the additional variation of the control types.
The dilution factor, which is addressed as u1, is set as first-
order type (ramps), and the feed substrate u2 as zero-order
type (steps). Furthermore, the amount of samplings Nsp;U is
set to 4 (Table 3).

All three approaches have been optimized with respect to
the A-, D- and E-criterion. The resulting optimized dynamic
control trajectories are shown in Figures 3, 4, and 5, respec-
tively. The corresponding optimized values are listed in
Tables 4, 5 and 6.

A comparison between approach 2 and 1 clearly shows
that the optimal sampling strategy is superior to the standard
strategy. The nominal values of all three criteria are

considerably improved, and the dynamic characteristic of the
system are much better exploited, which are reflected in
the optimized control trajectories plots (Figures 3–5), and
the corresponding optimized concentration profiles plots
(Appendix B, Figures B1 to B3). A more detailed look over
the sampling time vector shows that an optimization of the
sampling decisions should always be implemented since in
general optimal samplings strongly differ from an equidistant
one. Moreover, its implementation in the simultaneous opti-
mization approach has been shown as straightforward (OP2),
and the convergence behavior of the sampling weighting fac-
tors is reliable.

Approach 3 gives the best results of this section regarding
all three criteria. In comparison to the settings of approach
2, the initial states are additionally handled as optimization
variables leading to an enlarged optimization space. There-
fore, in general a better optimum can be found. More impor-
tant is the fact that this also has an effect to the optimized
sampling vector, which can be seen from the optimization
results with the A- and especially with the E-criterion. The
optimized sampling vector completely changed in the latter
case.

The drawback of the three approaches so far is the fixed
collocation element length, which constitutes a big disad-
vantage since the samplings are thereby only allowed at the
collocation points (generally at the end points). The conse-
quence is a restricted optimization space. However, there is
indeed no need to fix the collocation element length in a
large-scale optimization approach, where the problem formu-
lation is fully discretized. This idea leads to the following
variable element length approach.

Adaptive optimal sampling strategy

Approach 3 is now enhanced to handle the element length
as optimization variables. The settings of Table 3 are
extended with the following constraints

1h � hl � 2h; l51;…;NeX
hl5tf ; tf � 12

(57)

Furthermore, the experimental end time of the design is
limited to 12 h. The total number of element Ne has been
varied from 4 to 12 collocation elements. Here, the mini-
mum number results from the limited amount of samplings
Nsp;U which has been set to 4, and the maximum number
results from the end time restriction and the minimum ele-
ment length of 1 h. Moreover, the latter case with 12 collo-
cation elements represents exactly the results of approach 3
in the previous section.

Figure 5. E-criterion—optimized control trajectories.

Table 4. A-Criterion

Approach 1 Approach 2 Approach 3

Optimized value [-] 1.60E104 5.29E104 6.09E104
Initial state vector [g/l] 2, 0.1 2, 0.1 22.96, 25.0
Sampling vector [h] 3, 6, 9, 12 7, 10, 11, 12 9, 10, 11, 12

Table 5. D-Criterion

Approach 1 Approach 2 Approach 3

Optimized value [-] 1.04E-03 3.06E104 1.36E105
Initial state vector [g/l] 2, 0.1 2, 0.1 7.66, 5.97
Sampling vector [h] 3, 6, 9, 12 2, 3, 4, 12 2, 3, 4, 12

Table 6. E-Criterion

Approach 1 Approach 2 Approach 3

Optimized value [-] 2.10 2.70 3.09
Initial state vector [g/l] 2, 0.1 2, 0.1 25.0, 25.0
Sampling vector [h] 3, 6, 9, 12 4, 10, 11, 12 1, 2, 3, 7
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The variation of the element number has been carried out
with respect to the optimization with the A-, D- and
E-criterion. The resulting optimized criteria values and the
corresponding optimized end times are shown in Figure 6a
and 6b (see also Table C1 and C2). Table 7 shows the crite-
rion with the corresponding best cases in more detail.

In comparison with the results of approach 3, all three cri-
terions have been further improved. Especially the different
element lengths and the corresponding sampling vectors of
the adaptive optimal sampling strategy are noticeable.

The results reveal that replacing a fixed structure of the
sampling intervals by an adaptive one promises the biggest
improvement with respect to the standard case. Therefore,
the latter approach is more favorable and clearly the most
recommended one. Nevertheless, there are two open issues
which are worth discussing in the following for future
investigations.

A proper handling of the discretization error should be
included to the optimization formulation. It is obvious that
the upper bound of the collocation element length hl cannot
be as large as possible. Accordingly, it also cannot be
answer just by heuristics, whether the lower bounds should
be at least as small as the minimum possible sampling inter-
val or smaller. This issue has to be rather investigated in
connection with the approximation of the global discretiza-
tion error e tð Þ5z tð Þ2zK tð Þ, which holds for the OCFEM with
Legendre roots26

max
t2 0;tf½ �

jje tð Þjj � C max
l2 1;…;Ne½ �

hk
l jjTl tð Þjj

� �
1O hK11

l

� �
(58)

Here C denotes a constant which is more of mathematical
interest, and Tl tð Þ depends only on the solution z tð Þ and inde-
pendent of the choice of element length hl; l51;…;Ne. A
formulation which allows variable collocation element
lengths in the context of tracking and adapting to steep pro-
files has been proposed in literature.27 A theory to extend
OP2 regarding an adaptive sampling strategy could be
derived based from this approachX

hl5tf ;hl � 0; l51;…;Ne

~CjjTl sð Þjj � e
(59)

Second, as seen in Figure 6a and especially in 6b, the
optimization results can be very nonlinear with respect to the
number of collocation elements. This indirectly indicate a
strongly tendency to local minima so that gradient-based
optimization algorithm generally cannot guarantee finding a
global optimum.28 Nevertheless, regarding global optimum
algorithm, the simultaneous approach is compare to sequen-
tial approaches more favorable because of its fully discre-
tized formulation and the fact that the model nonlinearities
are not increasing from the discretization formula. In particu-
lar global optimum strategy like the convex envelops
approach29 is very promising to be applied to the simultane-
ous solution approach to model-based experimental design.

Conclusions

The analytical investigation of the simultaneous solution
approach to model-based experimental design reveals diverse
advantages regarding the bottlenecks of the sequential approach
and multiple shooting approaches. In particular, the integration
of the mix-derivatives with respect to parameter sensitivities and

Figure 6. (a) Optimized criteria. (b) Optimized endtime.

Table 7. Adaptive Sampling Strategy

A-CRITERION D-CRITERION E-CRITERION

Nh of the best case 8 10 9
Criterion value [-] 1.04E107 7.85E105 6.12
Initial state vector g

1

� �
6.11, 8.95 1.11, 0.83 10.23, 8.59

Sampling vector [h] 3.59, 5.38, 3.24, 4.32, 1.42, 2.83,
9.18, 10.18 5.40, 12.0 5.67, 12.0

Collocation elementvector [h] 1.79,1.79,1.79,1.79, 1.08, 1.08, 1.08, 1.41, 1.42, 1.42,
1.0, 1.0, 1.0, 1.14 1.08, 1.08, 1.08, 1.07, 1.42, 1.42,

1.47, 1.47, 1.57, 1.0 1.42, 1.42, 1.0
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control variables in addition to the integration of the model
equations can totally be saved. These derivatives are instead
represented in the simultaneous formulation as constraints
derivatives. Here they can directly be calculated and their
sparse-structure can fully be exploited for an efficient imple-
mentation. Furthermore, the derivation of the objective func-
tion derivatives shows that they can be separated into two
parts. The first part can directly be given as analytic expres-
sions with respect to the A, D- and E-criterion. The second
part has the same structure for all three criteria and can be a
priori calculated by symbolic derivation allowing an efficient
call during the optimization iterations. Another important
aspect represents the process constraints on state as well as
control variables, which are directly given on every colloca-
tion point. Thus, the process stability is handled over the
entire domain rather than just at the end points of each inter-
val. The most noticeable aspect is the sampling strategy. For
this purpose, the adaptive optimal sampling strategy has been
proposed, which shows the best results among the investi-
gated approaches. Further suggested investigations on the
proposed simultaneous solution approach to model-based
experimental design are first, the extension of the adaptive
optimal sampling strategy with a proper error minimization
approach, and second, the application of global optimization
strategies.
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Notation

z = state variables
u = control variable
B = mass matrix

MF = Fisher information matrix
Nh = number of parameter

Nsp = number of measuring points
Ne = number of elements (OCFEM)
Dh = length of an element

j = collocation point index
s = sensitivity of states regarding the parameters
h = process parameter

Nsp = dynamic sensitivity matrix
Nz = number of state variables
Nu = number of controls
K = order of Lagrange polynomials for states
q = order of Lagrange polynomials for controls
i = parameter index
l = element index

Greek letters
U = optimal criteria

u,&phis; = Lagrange basis polynomials collocation time
Rz = measurement covariance matrix
s = normalized

FEM = finite element method
OCFEM = orthogonal collocation on FEM
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Appendix A: Discretization of an ODE-system by using
the OCFEM-method

Consider following linear implicit DAE-system

B �z tð Þ; �u tð Þ; �h; t
� �

� _�z tð Þ5�f �z tð Þ; �u tð Þ; �h; t
� �

Þ; �z t50ð Þ5�z0 (A1)

The pure algebraic equations of the DAE-system are taken
into account with a singular mass matrix B, and, thus, are
not written explicitly.

Time-dependent functions of the state and control varia-
bles are discretized by the orthogonal collocation on finite
element method (OCFEM) with Ne-finite elements (see
Figure B1).

The functional section in each element is approximated by
polynomials of order K. Within each element the overall dis-
crete time is projected to the local normalized collocation
time sj

tlj5hl211sj hl2hl21ð Þ5hl211sjDhl; sj 2 0; 1½ �

l51;…;Ne; j50;…;K; h05t0
(A2)

Lagrange-polynomials are chosen as base functions.
The advantage of the Lagrange polynomials is that the
coefficients directly represent the desired physical and
chemical values, what simplifies the interpretation of the
results.

The function of the state variables �zl in element is repre-
sented by the Lagrange-polynomials ulj

�zl tð Þ5
XK

j50

�zljulj tð Þ

ulj tð Þ5
YK
k50
k 6¼j

t2tlkð Þ
tlj2tlk
� � (A3)

The controls are discretized in the same way but using
polynomial approximations of a possibly different order q

�ul tð Þ5
Xq

m50

�ulmwlm tð Þ

wlm tð Þ5
Yq

n50

t2tlnð Þ
tlm2t

ln
ð Þ

(A4)

Since the discretized functions are only time dependent in
the base functions the time derivatives of state variables can
be written as

_�z l tð Þ5
XK

j50

�zlj _ulj tð Þ (A5)

By applying the chain rule for every _ulj tlj

� �
on Eq. A2,

the following simplification can be obtained

_ulj tð Þ5
dulj tð Þ

dt
5
@ulj sð Þ
@s

@s
@t

5
dulj tð Þ
@s

1

Dhl

l51;…;Ne; j50;…;K

(A6)

Since the same collocation method and the same polyno-
mial order are used in each element

ulj tð Þ5uj sð Þ5
YK
k50
k 6¼0

s2skð Þ
sj2sk

� � (A7)

one obtains

@ulj sð Þ
@s

5
@uj sð Þ
@s

(A8)

Thus, Eq. A5 can be rewritten as

_�z l tlj
� �

5
XK

j50

�zlj
1

Dhl

@uj sj

� �
@s

l51;…;Ne; j51;…;K

(A9)

Furthermore, continuity conditions ensure that no dis-
continuities arise between the elements of the discretized
functions. They are generally formulated for the OCFEM
as

~zl11;j505
XK

j51

~zljuj s51ð Þ; l51;…;Ne21 (A10)

where ~z represents the system state variables, which only
belong to the differential equations of A1. The meaning of
Eq. A10 is that the polynomial function of ~zl tð Þ the l-th ele-
ment is extrapolated to its end point and specifies thereby
the initial value for the following (l 1 1)-th element. For the
Radau-collocation method,16 the continuity conditions reduce
to

~zl11;j505~zl;j5k

l51;…;Ne21
(A11)

Applying the OCFEM method on Eq. A1, one gets

XK

j50

B �zlj; �ulj; �h; sj

� �
�zlj

_uj sj

� �
Dhl

5�f �zlj; �ulj; �h; sj

� �
l51;…;Ne; j51;…;K

~z115~z0;

~zl11j505~zlj5K ; l51;…;Ne21

(A12)

In order to solve Eq. A12, _uj skð Þ is previously calculated
once offline because it only depends on the known selected
collocation points sj.

Figure A1. Element l with collocation points.

4180 DOI 10.1002/aic Published on behalf of the AIChE November 2013 Vol. 59, No. 11 AIChE Journal



Appendix B:

Figure B1. Optimization results with A-criterion—states.

Figure B2. Optimization results with D-criterion—states.

Figure B3. Optimization results with E-criterion—states.
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Figure B4. Optimization results with A-criterion—sensitivities, approaches 1, 2, 3.

Figure B5. Optimization results with D-criterion— sensitivities, approaches 1, 2, 3.
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APPENDIX C:

Manuscript received Sept. 26, 2012, and revision received Feb. 17, 2013.

Table C2. Details from Figure 5b

NUMBER OF ELEMENTS 4 5 6 7 8 9 10 11 12

A-crit opt. endtime [h] 7.5 6.0 7.0 7.6 11.3 10.8 10.8 11.4 12.0
D-crit opt. endtime [h] 8.0 9.8 7.0 9.4 9.4 9.4 12.0 11.0 12.0
E-crit opt. endtime [h] 7.5 9.0 9.1 12.0 10.8 12.0 10.0 11.0 12.0

Figure B6. Optimization results with E-criterion— sensitivities, approaches 1, 2, 3.

Table C1. Details from Figure 5a

NUMBER OF ELEMENTS 4 5 6 7 8 9 10 11 12

A-crit opt. result 4.1E105 4.3E105 1.3E106 4.2E106 1.0E107 1.4E105 2.2E105 9.8E105 6.1E104
D-crit opt. result 5.0E-01 1.3E102 4.5E104 7.1E104 1.2E105 2.7E105 7.8E105 2.4E105 1.4E105
E-crit opt. result 2.0E100 2.8E100 2.3E100 1.1E100 5.1E100 6.1E100 5.7E100 4.5E100 3.1E100
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